Convex set

Line segment

Suppose 1, €2 are two points in R™. Then the line segment between them is defined as follows:
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Convex set

The set S is called convex if for any z1, x5 from S the line segment between them also lies in S,
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e Any affine set
* Ray
e Line segment
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Related definitions

Convex combination

Let z1,x2,...,x; € S, thenthe point @121 + G222 + ... + Orxy)is called the convex
e i N ——
combination of points 1, Za, . . ., Tk i K=2

"f. 1
Q o

belo YRR @N*G’Q&

The set of all convex combinations of points from S is called the convex hull of the set S.

k k
conv(S) = {Z O;x; | z; € S,Zei =1, 6, > 0}
i—1 i—1

* The set conv(S) is the smallest convex set containing S.
e Theset S is convex if and only if S = conv(S).

Convex hull
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Finding convexity i
In practice it is very important to understand whether a specific set is convex or not. Two
approaches are used for this depending on the context.
e By definition.
e Show that S is derived from simple convex sets using operations that preserve convexity.
. goxakuh, *O
By definition R Congopoctpcibo
T - ghl cAv
CoX +8 =0 N Q
r1,22€85,0<60<1 — Oz;+(1—6@)z2€ S Cel b¢
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Preserving convexity )
o xtbzo

The linear combination of convex sets is convex b R S ool
! Yaes Qefo,1)
Let there be 2 convex sets S, Sy, let the set ) topon 3 o
S = {3 | s =cCiT + Cy, T € S.’m ) S Sy7 C1,C2 S R} %= 66‘“4(1;6}5’)\1/654('3‘)
C'rgﬁb = eeﬁl*(i*@t +b=
Take two points from S: 81 = ¢1T1 + €2Y1, S2 = €122 + Ca¥y2 and prove that the segment - e(ax{%b) +Q:\?)@&\%L)>g§
o 0

between them 0s; + (1 — 6)s2, 6 € [0, 1] also belongs to S:
0s1 + (1 — 6)s2
O(c1z1 + coy1) + (1 — 0)(c1za + c2y2)
c1(0z1 + (1 — O)x2) + c2(0y1 + (1 — 0)y2)
cix +cye S
The intersection of any (!) number of convex sets is convex

If the desired intersection is empty or contains one point, the property is proved by definition.

Otherwise, take 2 points and a segment between them. These points must lie in all intersecting
sets, and since they are all convex, the segment between them lies in all sets and, therefore, in
their intersection.
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The image of the convex set under affine mapping is convex
S CR"convex — f(S)={f(z) |z € S}convex (f(x)=Az+Db)

Examples of affine functions: extension, projection, transposition, set of solutions of linear matrix
inequality {z | 2141 + ... + z,, A, = B} Here A;, B € SP are symmetric matrices p X p.
Note also that the prototype of the convex set under affine mapping is also convex.

S C R™convex — f (8)={z c R"| f(z) € S} convex (f(z)= Az +b)

Example 1

Prove, th_atil.ﬁ_)\ra—_l_liiin .Rfl/‘@:i.e. the fqllovx{ing set {x | [|x —(x}|| < r})-is convex.
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Example 2

Which of the sets are convex: 1. Stripe, {z € R" | @ < a'z < B} 1. Rectangle,

{z e R" | a; < z; < Bi,i=1,n}1.Kleen, {z € R" | alTa: < bl,a;a: < by} 1. Aset of points
closer to a given point than a given set that does not contain a point,

{z e R" | ||z — z¢||2 < ||z — y||2, Vy € S C R™} 1. A set of points, which are closer to one set
than another, {z € R" | dist(z, S) < dist(z,T), S,T C R"} 1. A set of points,

{z e R" |z + X C S}, where S C R"is convex and X C R" is arbitrary. 1. A set of points
whose distance to a given point does not exceed a certain part of the distance to another given
pointis {z € R" | ||z — a||s < 0]|2b]|2,a,b € R",0 < 1}
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Example 3

Let z € R is a random variable with a given probability distribution of P(z = a;) = p;, where

i1=1,...,n,anda; < ... < ay. Itissaid that the probability vector of outcomes of p € R"

belongs to the probabilistic simplex, i.e.

P={p|1Tp=1,p=0}={p|p1+...+p,=1,p; > 0}. Determine if the following sets

of pare convex: 1. a < Ef(z) < 8, where E f(x) stands for expected value of f(z) : R — R,
n

ie. Ef(z) = Y pif(a;) 1.Ex? < a1.Vz < a

Convex function
Convex function

The function f(z), which is defined on th convex set S g@, is called convex §, if:

— _— H@&MU\GQD

FOw1 + (1= X)aa) < M) + (1= ) f(2)] Heveose

foranyxy,x2 € Sand0 < A < 1. \
If above inequality holds as strict inequality z; # x5 and 0 < A < 1, then function is called
strictly convex S

[
o
At N ——  Convex

—— Non Convex
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e The sum of the largest k coordinates f(a:) = T(1) + ..

o f(X)=Anae(X), X=XT
e f(X)=—logdetX, S=S87,
) e
. m&“’”“‘ wynab B My
Epigraph " *@W‘W
For the function f(z), defined on S C R", the following set:
epi f = {[z,p] € S x R: f(z) < p} BOrHYT A
is called epigraph of the function f(z) coneaV
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Sublevel set
For the function f(z), defined on S C R", the following set:
Lo={zcS: f(z) < f}

is called sublevel set or Lebesgue set of the function f(z)
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f(x} === Sublevel set

0

Criteria of convexity

First order differential criterion of convexity

The differentiable function f(z) defined on the convex set § C R™ is convex if and only if
Va,y € S

fy) > f(z) + Vi (z)(y — x)

lety =x + Az, then the criterion will become more tractable:

fz+ Az) > f(z) + V' (z) Az

—— Function

f($) ~_ Globallinear
A lower bound

3V

o _—

Second order differential criterion of convexity

Twice differentiable function f(z) defined on the convex set § C R™ is convex if and only if
Vz € int(S) # 0:

V2 f(z) = 3
In other words, Vy € R™: @
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(y, V*f(z)y) > 0
Connection with epigraph

The function is convex if and only if its epigraph is convex set.

Connection with sublevel set

If f(x) - is a convex function defined on the convex set S C R", then for any 3 sublevel set Lg s
convex.

The function f(z) defined on the convex set § C R™ is closed if and only if for any 3 sublevel set
Ly is closed.

Reduction to a line

f: S — Ris convex if and only if S is convex set and the function g(t) = f(x + tv) defined on
{t |  + tv € S}is convex forany € S,v € R", which allows to check convexity of the scalar M
o]

function in order to establish covexity of the vector function \N\ \A \/\U\ i‘\J\Y
Strong convexity @DV Q\O B R\O d L

f(x), defined on the convex set S C R", is called u-strongly convex (strogly convex) on S, if:
FO@1 + (1= Nz2) < Af(z1) + (1= X)f(22) — pAQL = A)[z1 — 22

forany z1,z2 € Sand 0 < A < 1 for some y > 0.

R

cuNbHO
iz SN

—— Function
f(fB)A ____ Global quadratic

lower bound J;(%M@—@m)g

Criteria of strong convexity

First order differential criterion of strong convexity
Differentiable f(z) defined on the convex set § C R™ p-strongly convex if and only if Yz, y € S:
T H 2
fly) 2 f(2) + V7 (2)(y —2) + S lly — 2|
Lety = x + Az, then the criterion will become more tractable:

f@+ Az) > f(@) + VF7 (2)Az + £ Ac|?
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Second order differential criterion of strong convexity

Twice differentiable function f(z) defined on the convex set S C R™ is called u-strongly convex

if and only if Vz € int(S) # 0: iy
V(@) = ul | [V

In other words:

Facts

e f(z)is called (strictly) concave, if the function — f(x) - (strictly) convex.

e Jensen's inequality for the convex functions:
n n
f Zaﬂh’ < Zaif(xi)
i=1 i=1

n

fora; > 0; > a; = 1(probability simplex)
i=1

For the infinite dimension case:

£ [eperaa | < [ o)z
S

S

If the integrals existand p(z) > 0, [p(z)dz =1
S

e Ifthe function f(z) and the set S are convex, then any local minimum z* = arg mi? f(x)
TC

will be the global one. Strong convexity guarantees the uniqueness of the solution.

Operations that preserve convexity

* Non-negative sum of the convex functions: a.f(z) + Bg(z), (a > 0,8 > 0)
e Composition with affine function f( Az + b) is convex, if f(x) is convex
e Pointwise maximum (supremum): If f1(z), ..., fm(x) are convex, then

f(z) = max{fi(x),..., fm(z)}is convex

o If f(z,y) is convexonz foranyy € Y: g(x) = sup f(z,y) is convex
yeyY

e If f(z) is convex on S, then g(x,t) = tf(z/t) - is convex with z/t € S,t > 0
e Letf;:S57 — Rand fy: Sy — R, whererange(f;) C So.If f1 and f5 are convex, and fa
is increasing, then fy o f1 is convex on Sy

Other forms of convexity

e Log-convex: log f is convex; Log convexity implies convexity.

e Log-concavity: log f concave; not closed under addition!

e Exponentially convex: [f(z; + x;)] = 0, forzy,...,z,

e Operator convex: f(AX + (1 = A)Y) X Af(X)+ (1 - XN)f(Y)
e Quasiconvex: f(Az + (1 — N)y) < max{f(z), f(y)}

e Pseudoconvex: (Vf(y),z —y) >0 — f(z) > f(y)

e Discrete convexity: f : Z™ — 7Z; "convexity + matroid theory.”
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References

e Steven Boyd lectures
e Suvrit Sra lectures
e Martin Jaggi lectures

Example 4

Example 5 —hzo
Show, that f(x) = @' Az, where A = 0-is convexonR™.
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Example 6
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Example 7

Find the set of z € R", where the function f(z) = P
zlx

is convex, strictly convex,

strongly convex?

Subgradient and subdifferential
Motivation

BaxHbIM CBOMNCTBOM HENpepbIBHOM BbIMYKION PYHKLUU f(w) ABNSAETCS TO, YTO B BbIOpAHHOW TOYKE X
ans ecex € € dom f BbINONHEHO HEPABEHCTBO:

f(z) > f(zo) + (g, — o)

ONsi HEKOTOPOro BEKTOPA g, TO €CTb kKacaTenbHasi K rpadouky OyHKLMKN SBASIETCA 2106a1bHOU OLEHKOM
CHU3Yy ANs PyHKUNN.
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e Ecnn f(z) - amdbdepeHumpyema, 1o g = V f(zo)
® He Bce HenpepbIBHbIE BbIMyKIble PYHKUUN AnddepeHumnpyems ;)

He xoueTcsa nuwatbca Takoro BKYCHOro CBOMCTBA.

Subgradient
BekTop g HasbiBaeTcst cybrpaameHTom dyHkumm f(x) : S — R B Touke xg, ecru VY € S:
f(z) = f(zo) + (g, — z0)

Subdifferential

MHoXeCTBO Bcex cybrpagmeHToB dyHKLUM f(w) B TOYKe I Ha3sblBaeTcsa cy6andcepeHumanom f B
X v obosHayaetcs Of(xp).

e Ecrnxg € riS, To 8f(z() BbINyKNOE KOMNAKTHOE MHOXECTBO.
e Buinyknas doyrkumsa f(x) auddeperumpyema B Touke g <= 9f(xo) = V f(zo)
e EcuOf(zo) #0 Vo € S, 10 f(z) - BoiNyKnaHa S.

f(x)
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Moreau - Rockafellar theorem (subdifferential of a linear
combination)

Myctb f;(z) - BEINYKNblE YHKLMM Ha BbINYKIbIX MHOXecTBax S;, ¢ = 1,n.

n
Toraa, ecrm () riS; # 0 1o dyrkumsa f(z) = > a; fi(z), a; > 0 umeert cybanddepeHuman
i=1 i=1

Os f(x) na mHoxecTee S = ] S; u

i=1

s f (@ Za Os. fi(z

Dubovitsky - Milutin theorem (subdifferential of a point-wise
maximum)

Mycts f;(z) - BEINYKIIbIE YHKLMM HA OTKPLITOM Bhinykriom MHoxectee S C R™, xp € S, a
MoTO4EYHbIN MakcuMyMm onpegensieTcs kak f(x) = max f;(z). Torpa:
(]

Osf(wo) = COHV{ U asfi(fﬂo)},

i€l(z)
mel(z) ={i€[l:m]: fi(z) = f(z)}
Chain rule for subdifferentials

MycTb g1, - - - y Gm - BbINYKIblEe (YHKLMM HA OTKPBLITOM Bbinykriom MHoxectse S C R”,
9= (91,---,9gm) - 06pa30BaHHAsN M3 HINX BEKTOP - (yHKLMS, - MOHOTOHHO HeyBbiBatoLLas
BbINyknas yHKLMs Ha OTkpbIToM Bbinykrnom MHokectee U C R™, npudem g(S) C U. Torga

cy6amddepeHunan dyHkummn f(z) = ¢ (g(x)) nmeer sua:

of(z) = | (Zp@agz )

pEdp(u)

rme u = g(z)
B wacTtHocTY, ecnin doyHKUMA © andepeHLmpyema B TOUKe u = g(m) TO chopmyna 3anuwieTcs Tak:

=322,

i=1

Subdifferential calculus

e O(af)(z) = adf(x), fora >0

e IO fi)(x) =D 0fi(x), fi - suinyknble dyHKUMM
o O(f(Azx 4+ b))(z) = ATOf(Az + b), f - BoINyKNas dyHKLUMS

Examples

KOHLleﬂTyaJ'IbHO, pas3nnyarT Tpn cnocoba peweHna 3agad Ha NoncK cy6rpa,u,v|eHTa:

e Teopembl Mopo - Pokadennapa, KOMNo3uLmmu, Makcumyma
e [eomeTpuyeckn
e [lo onpegenenunto
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1
Haittn Of (x), ecrm f(z) = |z|
PelweHne:

Pewntb 3agadvy MOXXHO NGO reoMeTprUYeckn (B KaXkaon TOUKE YMCIIOBOM NPSIMOW YKka3aTb YrioBble
K03athpULMEHTbI NpAMBbIX, rMobaneHO NoanuparLwmx QYHKLMIO CHX3Y), TMbo no Teopeme Mopo -
Pokadennapa, paccmMoTpeB f(m) KaK KOMMNO3ULMIO BbIMYKIbIX GOYHKLNIA:

f(z) = max{—z,z}

flx) =[x of (x)

A A

2

Haiitn Of (x), ecrm f(x) = |z — 1| + |z + 1
PelueHue:

CoBepLUeHHO aHanorn4Ho npumeHsiem teopemy Mopo - Pokadennapa, yunteiBas crieaytoLlee:

-1, z<l1 -1, z<—1
0fiz) ={ 11,  z=1 Ofi(a)={[1L1], z=-1
1, z>1 1, z>—1
Takum obpasom:
-2, z< -1
[_2;0]7 = —
of(z) =10, -l<z<1
[ ;2]’ L=
2, z>1

3

Haittn 8 f(x), ecnm f(x) = [max(0, fo(z))]?. 3aecb fo(z) - BbINykNas dyHKUMs Ha OTKPLITOM
BbINyKIIoM MHOXecTBe S, ¢ > 1.

PelueHne:
CornacHo Teopeme 0 KOMNO3nLMK (PYyHKLNS go(m) = z7 - pndbpepeHumupyema), a

g(z) = max(0, fo(z)) umeem: df(z) = q(g(z))? ' dg(z)
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Mo Teopeme O NOTOYEYHOM MaKCUMYME:

Ofo(z), fo(z) >0,
dg9(z) = { {0}, fo(z) <O
{ala=Xa’, 0 <A<, @ €0fo(x)}, folz) =0
4

Haittn Of (), ecrm f(z) = sinz, z € [r/2; 27

(—oc,cosxg)|, = =7/2;

@, z € (m/2,20);
8 =
falz) cos , x € [xo,2m);
[l,-l—oc), T = 2m.

5

Haittn 0f (), ecrm f(z) = |e] z| + |cq 2]

Pewenne: Mycts f1(z) = |c¢] z|, a f2(z) = |c, z|. Tak kak 3T chyHKUMM BEINYKABI,
cybanddepeHumnan nx cyMmbl paBeH cymme cyognddepeHumanos. Hangem kaxagbii U3 HAX:

—cq, cjz <0
8fi(z) = 0 (max{c{ z,—c{ z}) =  conv(—ci;c1), cjz=0
c1, clTra: >0
—c2, cor <0
0f2(z) = 0 (max{cj z,—c, z}) = { conv(—cz;cs), cjz =0
ca, cox >0

Hanee MHTEepPEeCHbIMUN NMpeacTaBnAalTCA NMULLb pa3fiMyHblie B3aMHbIE pacnorioXXeHUsA BEKTOPOB C1 U Co,
paccMoTpeHne KOTOPbIX NpeanaraeTtca YntaTernto.

6

Haittn O f (), ecnm f(z) = ||z||1
Pewenne: Mo onpeaeneHunio

|z|l1 = |z1| + |2 + - .- + |Tn| = s121 + S222 + ... + 0Ty

PaccMoTpyM 3Ty CyMMY KaK NOTOYEYHbIN MAKCUMYM NUHENHbIX (OYHKLMI MO X: g(a:) =s'x, e

S; = {—1, 1}. Kaxxgasa Takasa dyHKUMA 0gHO3HAYHO onpeaensieTca Habopom KoadhumLumMeHToB

{si -
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Toraa no Teopeme [ly6osuLikoro - MunioTuHa, B kaxaoi Touke 0f = conv [ |J 9g;(z)

iel(x)

—s, s'e <0

3ametum, uto dg(z) = 0 (max{s 'z, —s'z}) = { conv(—s;s), s 'z =0.
s, s'z>0

Mpuyem, npaBmno Bbibopa "akTUBHOM" OYHKLIMM NOTOYEYHOro MakCUMyMa B KaXOom ToUKe
cnepyiollee:

e Ecnu j-ast koopavHaTa TO4KM OTpULLaTerbHa, sg =-1

e Ecnu j-aq koopguHaTa TOYKU MONOXUTENbHA, sf =1

e Ecnu j-as KoopAanHaTa TOYKM paBHa HyIo, TO NOAXoAST 0ba BapuaHTa KoaddrLNEeHTOB U
COOTBETCTBYOLLMX UM PYHKLNIA, @ 3HAYUT, HEOOX0AMMO BKIOYaTb CyOrpagmeHTbl 3TUX OyHKLUMI B
o6beanHeHne B Teopeme [y6oBuukoro - MuntotuHa.

B ntore nonyyaem oTBeT:
0f(z) = {9 : llglo <1, g'z=|z[}
References
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